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Consider "nonuniform" (relative to the initial value of the parameter
t) asymptotic stability, in the first approximation. It is shown that
there are various types of conditions leading to nonuniform behavior
with respect to to of the solutions of a linear system of differential
equations, and the relationships between these various conditions are
developed. Criteria for stability in the first approximation are intro-
duced, criteria which contain a group of "uniform" equivalent criteria
of Persidskii [1,2], Malkin [3] and Perron [4], and also the "general-
ized" criteria of Liapunov [5) (see [8. p.72], [7, p. 364, Note 2] and
Malkin [8], see also [6. p.369]). It is shown that the last mentioned
criteria contain as a special case the generalized criteria of Liapunov.
The criteria [9], considered for the case of ordinary (i.e. uncondi-
tional) stability, are also special cases of the results of the present
paper,

In this paper certain ideas of Krein [10] (see also [11]) are
employed; and also, following Bellman [12], a theorem of Banach-Stein-
haus [13,14] is employed. The paper admits of further generalization in
the direction of the treatment of the equations considered, as well as
in the direction of considering the problem in arbitrary Banach spaces,
and in the discussion of the so-called conditional stability (i.e. di-
chotomy) in the sense of the paper of Massera and Schaffer [15].

I take this occasion to thank A. Khalana for his many suggestions,
which have influenced the paper, as well as for his aid, which con-
tributed to the completion of the paper.

1. Preliminary remarks. Let R be a n-dimensional space and R *
be the space of all square n by n matrices. The norm of a vector x and
of a matrix A will be denoted, respectively, by
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n N n s

2] =1 @)h<i<n | = (2 x,-’) /: | Al = (@<, i<n) = max (2 au")

i=1 1<igsn j=1

We shall consider the following differential equations:

%’;1= Az (t>0) (1.1)
%:A(t)x-{—&p(t) (t>0) ‘ (1.2)
.‘%= A X (t>0) (1.3)

where @(t) is a vector-valued function defined on [0, + ®) and having
values in the set R, and which is subject in the following to various
conditions; A(t) is a function defined on [0, + @) and with values in
R.,*, and such that there exists a number A0 > 0 such thatI'A(t)||<;Ao
on [0, + ®); the matrix X is an n by n square matrix.

The solution x(t) of equation (1.1) or (1.2), for which x(t;) = x,
will be denoted by x(t, to, xo). Analogously, the solution X(t) of the
equation (1.3), for which X(t;) = X, will be denoted by X(t, t,, X;).

If I is the identity matrix of R *, then, introducing the usual nota-
tion: X(t, to) = X(t, g, I), we have the following relations:

X (t,to,Xo) = X (t,to) Xo, X(t,to) = X(t,tl) X (tl,to), X (t],tz) =5 X_l (tz-,tl)
8 to ty, 1,20

If x(t, ty, xy) is a solution of equation (1.1), then
z(t, to, To) = X (¢, L) Zo (1.4)

If x(t, t,, x,) is a solution of (1.2), then
¢
(2, to, %) = X (t, to) Zo + S X (¢, 5) @ (s)ds (1.5)
t
Next we shall define a class of function spaces with which we shall
have to deal frequently in the sequel.

Let L be the set of all measurable functions ¢(t) on [0, + ®), with
values in R,, and integrable on each finite interval, and suppose that
a is a real number. Let us introduce the following Banach function
spaces (assuming that one identifies all equivalent* functions):

* Equivalent functions are functions which coincide up to a set of

measure zero.
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~+o0
LP={p: 9L, { lo@P ds <+ o}, pelt, + ) (1.6)

that is, the set of all functions ¢ in L (i.e. measurable and satisfy-
ing the inequality between braces) and

Ls® = {9: @& L, esssupexo| @ (s)]e** <+ oc} (1.7)

that is, the set of functions in L which satisfy the inequality between
curly braces*. In these spaces the norm is defined in the usual manner

191, 5 =19l = [Clewpeas]” . pett, += 8

0

” P “La "(P "(oo ay = ess Sups>o “ ¢ (S) ‘l e (19)

Note 1.1. If a and b are two real numbers, then the linear operator
Q  which maps elements ¢(s) in L Pinto elements ¢*(s) in L,P, defined
as follows:

P (6) =0 ¢ =g(s) e " (1.10

possesses an 1nverse operator [Qab]“l = Qba and is an isomorphic and
isometric (that is, preserves the distance between elements) map of the
space L P on the space I, F.

In particular, all spaces L P are isometric to the space LjP = LP,
Further, if a < b, then L_P contains pr, and the topology of the space
L P is stronger than the topology which is induced in L,P by the topology

f L,P (in other words, from the convergence of a sequence of functions
in the sense of the norm of the space L,P it necessarily follows that the
same sequence converges in the sense of the norm in the space L P; in
this sense, employing the terminology of (15, 16], we shall say that the
space L,P is stronger than the space L I).

2. Investigation of the systems (1.1), (1.2) and (1.3).
Let us now pass to the consideration of a series of conditions to be im-
posed on the solutions of the equations (1.2) and (1.3). These condi-
tions generalize the restrictions which are imposed on the motions of

* The symbol ess sups;aoy(s) denotes the lower bound of all numbers
which are upper bounds of the function y(s) on sets which differ from
the semi axis s > 0 by sets of measure zero.
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systems of first approximation in the above mentioned criteria.

A (h, a, b). There exist h, a, b > 0 such that
| X (2, s)|| < heot e t>s>0)

B (a, b, p). There exist a, b > 0 and p in [1, + ®] such that

t

supge”b' 1X @, s)[PePords <+ oo
130 ¢

C (a, b, p). There exist a, b > 0 and p in {1, + «) such that the
solution x(t, to xo) of equation (1.2) belongs to Lb°° for each ¢ in LP,
that 1is

ess sup | z (¢, ¢y, z,)| e = N < oo for §||¢(3)||pem’ds<oo

0

The fundamental result of this section is contained in the following
theorem:

Theorem 2.1. The following relations are valid:

Equivalences

@ A(h,a,b)=C(a,b,1) for 1L {pE(1,+co]
® Ba,b ¢ C(a,b, p) P 7 gE[1,4 o)

Implications

() B(a, b,q), C(a,b, p) =» A(h,a,b) for pe(l,+o], €1, + o)
® A(h,a,b)=C(a,b—e, p) for p& (1,4 o] and arbitrarily givene >0

Before proving this theorem, we shall formulate two lemmas, whose
proof will be omitted, for the sake of brevity, in view of their simpli-
city. We only note that one employs an inequality of Bellman [17].

Lemma 2.1. There exists T > 0 such that
1X(t,s) —X (1, t)|< 51X (¢, to)] for s€[to—T, to+7T) {t, 5,>0)

The following lemma is an immediate consequence of the lemma just
proved:
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Lemma 2.2. There exists T > 0 such that
FIXEISIXE DS FIX A t)] fors€lte—T, te+T] (¢ t620) (2.1)

Let us now formulate the important theorem of Banach-Steinhaus type
on which is based, in an essential way, the proof of Theorem 2.1.

Theorem 2.2. Suppose that, for certain real numbers a and b and a

certain p in [1, + ], the integral

Viu=\ X(t, s)u(s)ds (t20)

Dy ™

defines a linear operator

V:LP—>L> (Vu)@t)=Vwm

Then this operator is a continuous operator, that is to say, there
exists a number M > 0 such that

Voo v <Moo, vl (2.2)
Furthermore,
a) if P 18 in (1, + co:l, then

1 L

a as e = S .
sup [ Je!| X (o ewords]” <o (g=52)
by if p =1, then
sup e | X (t, s)fee <+ o0
15850

Proof. Let us prove first the first part of the theorem.

Suppose that {tk} is the sequence of all rational numbers, arranged
in a certain order, and suppose that the linear bounded operators

.1 P —
Vk.La —»Rn (k==1,2,...)
are defined by the formulas
k

Vu=e"*V, u k=1,2,..)

Since, for each u in Lap we have, by hypothesis, that
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sup [|Vyu || <+ oo
>3

then, according to the Banach-Steinhaus theorem [13] it follows that
there exists a positive number ¥ for which

”Vk“<M (k=1,2,...)

Consequently
'k

WVl <Minlp o or &%) {X@u0u@ds|< Miulyy G=12..)
0

which, by continuity, implies that

t
K xeau@as|<Miuly €20 or  Vulgp<Miuly . @3
0

Let us now prove the second part of the theorenm.

Suppose that it $) ney xpj(t, s) (j =1, ..., n) are the
columns of the matrix X(t, s).

a) Let p be in (1, + ®), and let t > 0 be arbitrary, but fixed during
the discussion. Consider the functions

“i(”)=(“ij(s))1<j<n i=1,...,n)
where
4., ! -2
u; ) =1 X ¢, 9)]? "'q“”ij("s)[g"X(‘:s)llqe_wd’] P, sel0,1]
uﬁ(s)=0, s>t0 i, i=1,...,n)
It is easily seen then that
weLl, gl g <t (i=1,...n)

Applying inequality (2.3) we then obtain that

(i Zqj (b 8) vy (s)) ea] ds“ =

1 j=1

t t

et x|

0 a

I D=

oal»-l

= {i (§ [i Z45 (,s) U (s)] ds)z} >l § [i z;; ¢, s) Uy (s)] ds l =

a=1 0 j=1 0 j=1
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!t n q { —

= S [ =26, s)] X a[F e“l‘“{g 1X @, 9| e ds] ds  (i=1,...,n)

0 j=1 0

’ﬁ;w

from which it follows that

Me®> max S[Z (t,s)] |;X(t,s)]|%°le"‘“‘[§ﬂX(t,s)n" 9% ds] ds
(1]

'dfu

1<1<ﬂ

Now, as is easily seen, for arbitrary integrable non-negative fune-
tions on the set E, fi1(s)e «ony fn(s), one has the inequality

max S f; (s)ds >--:;-S [ max /, (s)] ds
1<isn o) g 1<icn

and hence one obtains finally that

t n g t -~

"">_1’;_S max [ 23 (t,s)] 1x ¢ s|" - e’q‘“[SuX(t,s) @ ema% ds] P ds =
j=1

<i<<n
S s = 5
1 1
q

L [S1x e a

0

t

as was desired.

The case p = + ® may be treated analogously, the difference being
that the functions uij(s) are then defined more simply

—as
a:‘.j(t,s)e .
uij(s)z m—-, se&[0,t); u'.j(s):_-O, s>1 ii=1...,n

b) Suppose that p = 1 and ¢ >t,2>0 is an arbitrary number, fixed
during the discussion. Applying Lemma 2.2 to the equation

dy

—z;—:—-YA(T)

that is, to the matrix Y(T, o) = X-!¢1, o) = X(o, 1), one can conclude
the existence of a number T, independent of ¢ and s, such that

IX6 )| STIX (ot} =~ <2 for s€lto—T, to+T], 23>0
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Consider now the function

‘o { (€M/4T) X (5, t)m0, sE[a,B] (a = max (0, o — T))
1o 0<sgE(a,B] \B=min( to+T)

It is easily seen that
ue L), Nl o) <l ol

Applying the inequality (2.3), we obtain that

B

§ 20X 00 00 as | =

M >“S X (t,s)u(s)ds "= 4;- "

]
X @zl § € s> LI X (0 ) 0l [B—a)

a

=1
iT

and, consequently, in view of the arbitrariness of =z we obtain that

0’
[X ¢t | <4MTeoe™, i T, [X(tt)[<2  t<T

Introducing the notation

h=max[2/min(e**e%); 4Mc*T) Ot <L, < T),

we obtain finally that

I X (¢, o) | < heShoe™, £>1>0
and Theorem 2.2 is proved.

Note 2.1. In case (a) the boundedness of the matrix A(t) for ¢t >0
turns out to be unessential, while in case (b), on the contrary, it is
extremely essential, in order that the proof of Theorem 2.2 carry over
without change to an arbitrary Banach space, instead of Rn.

Note 2.2. A similar theorem appears, without proof, in Bellman’s
paper [12]. There the theorem is formulated for a finite dimensional
space, with a = b =0, p=1, 2, ..., + ® (see also, in this connection,

(13,14]).

Proof of Theorem 2.1. The implication A(h, a, b) = C(a, b, 1) is
obvious. In order to prove that C(e, b, 1) => A(h, a, b), consider the
solution

t

z20,0,0={X¢t.00@ds >0 2.4)
[1]
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of equation (1.2). In view of the hypotheses, the function

) P e

is a bounded function for t >0 for each ¢ in Lal. According to Theorem
2.2, from this follows the existence of a number h > 0 such that

ECNX (e <k, t>520 @.5)

and this implies the condition A(h, a, b). The equivalence of the condi-
tions C(a, b, p) and B(a, b, q) can be proved analogously.

Let us prove next that B(a, b, q) = A(h, a, b). In order to do this,
let us suppose that B(a, b, gq) holds, while A(h, a, b) does not, that
is to say that there does not exist a number h > 0 for which inequal-
ity (2.5) is valid.

Let us determine a sequence {hn} such that
limh, =4 asn-~+o (2.8)

Then there exist sequences {tn}, {sn} such that

s, M X, s>k, (n=1,23,..) @7

It is easy to see that necessarily sup,t, = + o; indeed, if this were
not the case, then (2.6) and (2.7) would hold on a compact set*

{(¢,5): 0 << s <t S sup,, ¢, < + oo}
which is impossible, since X(t, s) is continuous in each argument, and
[ X @ )I<|X 0 XS]

Extracting (if need be) three subsequences, and labeling them, re-

spectively, {hn}, {tn}, {sn}, it may be supposed further that lim ¢ =
+ ® gs n —~ + o,

We now consider two cases.

a) Suppose that sup, s, < + ®; in this case, in view of the condition
B(a, b, q), there exists a constant C > 0 such that

* That is, on & set such that every bounded subsequence of it possesses
at least one limit element.
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tn st T
c>{ e px e, off ReFEN S X, ) P ds
[} L

for all numbers n which are sufficiently large, where T is the number
which is determined by means of Lemma 2,2, According to this lemma, and
inequality (2.7), one may assert further that

sn+T T
c>l § ™ ix e ) P as> g TR I oo
5n

as n —~ + o, which is impossible,.

b) Suppose now that sup,_ s = + ®; in this case we may assume that
lim sp = +‘’0 as n ~ », and then, as in case (a), we obtain the inequal-
ity

1y 8n
- bt bt T
e> (™ixg,af s> § ™ixe,9f ™ ds > gy~ 400
0 8,—T

as n ~ + o, which is also impossible.

Finally, the implication A(h, e, b) = C(a, b — €, p) for arbitrary p
in (1, + ®] and arbitrary € > 0 follows in a corresponding manner from
the inequality

. t
12, 0,01~ <= { 2 ¢, ) |- 9 () 1ds <
0

t Loy 1 1
- q P s
<t Q1x @ af e an)” ((looF & as)” <m® gl o <O
o 0

or from the inequality

t

b (2,0,0) 1= < (sup 9 )] e~ (X (1, )17 ds < e 1@, oy < C
0
where Cl, 62 > 0 are sufficiently large constants. The theorem is thus
completely proved,

3. Application to the problem of stability to the first
approximation. Consider the equation

& — A+ O(z,7), <ER, (3.1)
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where A(t) is the matrix-valued function of (1.1), and O(x, t) is a
vector function, defined and continuous on the set

t>0, |z|<D (D>0) (3.2)
and satisfying the condition
10 (= DI< /@ ]=1" (m>1) (3.3)

where the number m and the real valued function f(t) are specified more
precisely below.

For equation (3.1) there exist various important criteria of sta-
bility in the first approximation; they may be divided into two classes.
In the first class one finds the criteria based on the condition im-
posed on the matrix X(t, t;) by Persidskii (1]

1X (2, to)| < he— =10, t2>16>0 (3.4)

These criteria constitute the class of "uniform" criteria. In the
second class one finds the "generalized" criteria (5,8,9,18], that is
to say, the extensions of the criteria of the first class to the "non-
uniform" case. For example, the condition of Malkin, in the present nota-
tion, has the form

1X (5 to) | < heboee o0, m>2EB (3.5)

Let us now formulate certain criteria of stability in the first
approximation which comprise all these criteria just mentioned.

Theorem 3.1. Suppose that the equation of first approximation (1.1)
satisfies condition A(h, a, b) for some h > 0, a=>b > 0, and that
O(x, t) satisfies the inequality (3.3); and consider the following cases:

@ m>%, a>b pel,+ol [EL" [flyy<Ks

1 (a—b)m

>
12| < D1y 2ol <I2(m—1)B" K| e“"™"(|q,0)] ™T1e ™1 7
>

® m=3, a>b p=1, fEL’ |, o<E

1 (a—b)m :

Izl <Dy 2| <I2(m-—1) R K] ™ —le ™

m m==<, a=b pel,+ol JELH [flpoy<K
|2, | < Dy
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0 m==2, a=b, p=4o0, €L |}l n<Keo
Ko<pr l20]<D;

where =L . D <D, K,, pe[1, + oc] are constants. Then

1
every solution x(¢, tgs xo) of equation (3.1) satisfies the implications
(@), B), (M =lzt to, o) [ < Hee M|z, t2>6,>0
)=z @ to, T) | hethe= |x0), t>t,>0

where

1
H = 27T h in cases (@), (8% H=he P in case (1) c=b—hKo>>0 in case(d)

Proof of Theorem 3.1. We have that
t
I (¢ to, @) [ <N X (2, to) || | o | + SIIX(L D@ [z (), ¥]dy, t>4>0

fy

Setting
t=1-}s, T=1y,+6, Hﬂ-’(fo—{-s, iy, xo)ﬂ:(p{s}: ‘P(O)’:ﬁ%ﬁ

and observing the condition A(h, a, b), we obtain that
8
9 (5) < hetoe it 0) 4 { netlet e tet0 1o 1 6) ¢ (0) a5
4]

which means that

- - (a—b)t,
9 (5) < ke 9 (0) + ke { %7 (14 ) ™ (3) ds, k={”e“ : “>"}, >t
h, a<h

Dy ®

It is readily seen that if y(s) is defined by the equation

V) = ke O + ke { (o + )Y (), 520 (3.6)
1]

then, on the one hand

PE<V), s>0

while, on the other hand, a simple differentiation of (3.6) leads to

P+ bp=Q(s) Y™, Q () = ke D15 (1 1. 5) (6.7

In cases (a), (P) this equation is of Bernoulli type. Solving it, we
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obtain

8 1

¥ (6) = [P OF ™ e — (m — 1) kelmbe § ooy gy L oyas] ™, 50
0

But ¢(0) = k@(0) and ¢(s) < y(s), consequently

9O <k e O {t—(m— )" O™ (e iy 0)as} T @9
0o

Case (). Since in this case k = he'2-0)t0, gng

8

Sf(to+°) @0 s £ lp, oy 1647 g, 0y % + —;- =1 (3.9)
0

then, from the inequality (o) for 'lxo “, together with (3.8) and (3.9),
it follows that

1 1
P (5) < 2™ T hel@—Degg (0) = 2 ™1 helhag Mietolg (0)

or, in the preceding notation

1
Iz (¢, to, 7o) | < HeMee™ |z, H=2™T1h (3.10)

Case (P). Since mb = a and p = 1, then (3.8) and inequality (P) for
|xo ” imply, as before, that (3.10) holds,

Cases (y) and (8). In these cases the proof proceeds in an analogous

manner, the difference being that equation (3.7) is linear; however, in
these cases the results coincide essentially with the results of Krein
{10]) and Kucher[11]).

Theorem 3.2. 1f equation (1.2) satisfies condition C(a, b, r),
a, b>0, r in [1, + ©], then all the conclusions of Theorem 3.1 are
valid. Further, in case (P) the following improvement is possible:

(B'). Suppose that for a > b, m 2a/b
1

i
“ zon< [4h]-1 e—ats {4 Sup‘b“ebf S X (t, S) ‘lp (S) ds "(oo' 0)}”"_1

0

where

ve L, 19l <K, rEll,+oo] (K,>0

Then one has

I (2, to, 2o) | << Hae*o e |z, s t2>12>0, jeL), 17l o< K
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Proof. Since Theorem 2.1 implies that C(a, b, r) = A(h, a, b), then
the first part of the theorem follows automatically. In order to prove
the last part, let us suppose that (1.2) satisfies the condition C(a,
b, r) for some r in [1, + «J, a>b >0 and that » =>a/b. From C(a,b,r)
it follows that

~bt

I X (2, t0) | < he®lee t1>1>0

Let us choose h > 1/4, and let us prove that

N2 (2, ty, o) | < 4hee™ |z, t>16

provided that
1

, _
Izl <tahety? {amp, | (X mv@ar 3T

0
Since ||z (to, o, Zo)| =lzo|| < 4h|zofje® >, it follows that, whenever

t 2>to, with t sufficiently near tor the required inequality does indeed

hold. Let us suppose that there exists some number T > ty for which

I (%, to, 7o) | = 4he®oe™ | 7o)
while, for all t in [to, T) we have

I (2, to, To) | < Ghe®ee™ |z, | (3.11)

This supposition will be shown to lead to a contradiction. Consider
the function

(s, t0,3), €[t T)
"’("={0. "0 <o [t )

It is readily seen that

(&)= [4"a" 2| ™1 @ (@ (s), 5] S La, 1¥lr, o) < Kr

From this, together with condition C(a, b, r), it follows, for t in
[‘0- T) that

t

t
D )
e"‘“ S Xt Dz6)sl 4 || <" ebt§X(l,s)lp(:)d:“(m. )

& ATRT o S

But, for these values of t we have

¢

120, t0, 2 | <IX ¢, ) 2ol + | | T 0 @ 1z ) 01 as] <

t
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Shefoe™ ao] -+ 4R 2o [ &7 | o § X (t,5) % (s) ds|
o

that is to say, that

H
bzt oz | <heor™ a1 + 4] X @ ) b)as]  @hettymtmm
P (o, 0)

From this, in view of the condition imposed upon ’Ixo ”. we obtain
finally that

[z, to, ) | < 2ke¥oe™ [z0], 1 [to, )

which is impossible, since it contradicts the assumption
I (%, to, zo) | = 4he™oe™" [, )

Thus the theorem is proved.

Let us now prove that if equation (1.1) possesses positive eigen-
values, then one always has a certain theorem of stability in the first
approximation.

Let us denote by A <...K A, the eigenvalues of (1.1), and by
H; > ... > 1, the eigenvalues of the equation

dY *
= Y4, YER,

Then the following theorem holds:

Theorem 3.3. If A > 0, then for arbitrary a < u , b <A, and a
certain h > 0, equation (1.1) satisfies condition A(h, a, b) and even
condition C(a, b, p) for arbitrary p in [1, + «]. Consequently, the
conclusions of Theorems 3.1 and 3.2 are valid.

The proof of this theorem follows from Lemma 3.1 below.

Let us denote by N, .(t) (i, j =1, ..., n) a normal system of solu-
tions of equation (1.1; (see, for example, [6, pp.323-332]) and let
A; <<...< A, be the corresponding eigenvalues

;== eigenvalue of {Ny; (), ..., Nn; (1)} G=1,...,n)

By N(t) we shall denote the matrix whose columns consist of the
normal solutions just mentioned
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{Nli(t)v---er'(t)}v t>0 Gg=1,...,n)

This matrix possesses the following properties:

gy N@yesR,', t>0

B X(t, o) =N (&) N7 (t) {t, to>0)
o PO N-1(s) Ags) (s>0)

d) If the elements of the inverse matrix N-1(s) are denoted by N '1,
then it follows that N.n~! A /A, where A = det N, and o 18 the
al gebraic complement of the g%ement ch[.’; in the matrix N.

e) If uyy> ... >u, are eigenvalues of the matrix N-1(s), that is
B, = eigenvalue of (N (s), -, N2t (s)} i=1,...,n

then one has that (see, for example, (19])
0 > A'm + I"a > —0

where 0 20 is the "coefficient of irregularity" of equation (1.1), that
is, the number defined by the equation

n

t
eigenvalue of(eXP—SSpA(u) du) + Ahe=—0 (6>0) (3.12)
0

a=1
Employing this terminology, the following theorem is valid:

Lemma 3.1. If A < A, and u <, then there exists a number
h=nh(u, A)>0
such that

1 X @, to) | << he e e™ (£, to > 0) (3.13)

Proof. Since A < A, and A, is the least eigenvalue of the matrix
N(t), we have that

INOI<m M) e,  £30,  hy(h)>0 (3.14)
Similarly

[N ()| Sha(w)ero, 24,30,  hy(p)>0 (3.15)
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From property (b), together with (3.14) and (3.15), we then deduce
that

1X @ ) I<INOUNT @)l Shethe™, 1, 1,50

where h = h h,, and the lemma is proved.

Lemma 3.2. For any € > 0 there exists a number

k=k(e)>0

such that

1 X (2, to) | < ketet2e) o g— (o) (1), 1ty »0 (3.16)
where ¢ is the number defined by equation (3.12).

Proof. Let us denote the columns of the matrix X(t, ty) by
{rl,-(t,to),---,I,,,-(l,to)} (G=1,...,n)

From (b) we have that

n

I"-(t,to)= 2 N{q(‘) Na;:l (‘0) (l»1=1» RIS n)

a=1

From this, keeping in mind property (e), we obtain that

2t )< D) [N O] ING ()] € D) G P o g

a=}1 a=]1
n
< Z Caije'(la_B)(‘—lo)e‘(l"a‘*'la"s“ﬂ)‘o gk‘je("‘*“'*"')"e_u"s) (1—t)
@=]
where C,Y, k;,=nmax,C, are constants. Consequently, putting
B=1n=¢>0, we obtain finally
1 X (2, t0) | S heloFaMee Rttt e, 44 >.0)

as was to be shown.

Note 3.1. The "generalized criteria" of Liapunov follow from the
generalized criteria of Malkin ([8], or [6. p.369]), and consequently,
they also follow from the criteria expressed in Theorem 3.1. Indeed,
since Liapunov’s condition means that [’1]

m>1+—;;— (i=1,....n)
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where » is the number appearing in Theorem 3.1, Ai are the eigenvalues
of equation (1.1), and ¢ is the number given by (3.12), then one may

choose a sufficiently small € > 0 such that

2¢
m>1-+ ;;t_e

Now, since, in view of lLemma 3.2, the conditions of Malkin’s criteria
are satisfied, this is just what was required to be proved. One may
still note that (as may be easily seen from the examples given by Malkin
([6. p.368] or [3])), the criteria of Malkin are not equivalent to
Liapunov’s criteria.

Note 3.2. The criteria presented in [9]. formulated for the case of
ordinary (i.e. unconditional) stability, are included in Theorem 3.2
for m = 2, a = 2k, b=k, p=+t+t o,
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